In this paper a new equation for calculating the nanofluid viscosity by considering the Brownian motion of nanoparticles is introduced. The relative velocity between the base fluid and nanoparticles has been taken into account. This equation presents the nanofluid viscosity as a function of the temperature, the mean nanoparticle diameter, the nanoparticle volume fraction, the nanoparticle density and the base fluid physical properties. In developing the model a correction factor is introduced to take into account the simplification that was applied on the boundary condition. It is calculated by using very limited experimental data for nanofluids consisting of 13 nm Al 2 O 3 nanoparticles and water and 28 nm Al 2 O 3 nanoparticles and water. The predicted results are then compared with many other published experimental results for different nanofluids and very good concordance between these results is observed. Compared with the other theoretical models that are available in the literature, the presented model, in general, has a higher accuracy and precision.
Nomenclature

Introduction
Industrial demand for heat exchanger devices which are small, light in weight and of high performance are increasing rapidly. The physical properties of conventional heat transfer fluids such as water, oil and ethylene glycol mixture are serious problems in improving the performance and compactness of engineering equipment. One way to overcome this problem is to improve the thermal properties of conventional fluids by adding small solid particles to the fluid. The main idea of dispersing small particles in the fluid can be traced back to Maxwell's study in 1873 [1] . He showed the possibility of increasing the thermal conductivity of a fluidsolid mixture by greater volume fraction of solid particles. Particles with micrometer or even millimeter dimensions were used which caused several problems such as abrasion, clogging and pressure dropping. Therefore, this method has not been considered in practical engineering equipment. In 1995 Choi [2] introduced a new kind of heat transfer fluid containing a small quantity of nano-sized particles (usually less than 100 nm) that are uniformly and stably suspended in a liquid. The dispersion of a small number of solid nanoparticles in conventional fluids changes their thermal conductivity remarkably. Choi [2] quantitatively analysed some potential benefits of nanofluids for augmenting heat transfer and reducing the size, weight and cost of thermal apparatuses, while incurring little or no penalty in the pressure drop. Therefore, many experimental and theoretical works have been devoted to study in confined ducts the thermal and hydrodynamics behaviour of nanofluids (for instance [3] [4] [5] [6] [7] [8] ). Convective heat transfer with nanofluids has been modelled using the two-phase [7] or the single-phase approach [6] . The first provides the possibility of understanding the functions of both the fluid phase and the solid particles in the heat transfer process. The second assumes that the fluid phase and particles are in thermal equilibrium and move with the same velocity. This approach is simpler and requires less computational time. However, a concern regarding single-phase modelling is of selecting the proper effective properties (particularly effective thermal conductivity and effective viscosity) for nanofluids. Many experimental and theoretical works have been dedicated to the thermal conductivity of nanofluids [9] [10] [11] [12] [13] [14] [15] . However, very few experimental studies have been devoted to the nanofluid viscosity [16] [17] [18] [19] [20] [21] [22] . To our knowledge there is no exact theoretical modelling for nanofluid viscosity. However, a few theoretical models have been presented for the determination of a particle suspension viscosity (none of them developed for nanoparticles). Einstein [23] presented a simple model for fluids with a low concentration of spherical particles as follows:
This formula is valid for a very low particle volume fraction (φ ∼ = 0.02). Brinkman [24] generalized the Einstein correlation for higher concentrations in 1952:
Frankel and Acrivos [25] proposed the following correlation in 1967:
Batchelor [26] in 1977 considered the effect of the Brownian motion of rigid and spherical particles and developed the following correlation:
Graham [27] generalized the Frankel and Acrivos work in 1981. The correlation was presented for low concentrations like the one developed by Einstein:
According to these correlations the effective viscosity depends on the viscosity of the base fluid and on the concentration of the particles, whereas the experimental studies show that the temperature, the particle diameter and the kind of nanoparticle can also affect the effective viscosity of a nanofluid. Therefore, this paper presents an analytical model for calculations of nanofluid viscosity. The presented model determines the effective viscosity of nanofluids as a function of the temperature, the mean nanoparticle diameter, the nanoparticle volume fraction, the nanoparticle density and the base fluid physical properties. Compared with the previously published experimental results good agreement has been observed.
Modelling the effective viscosity
The effects of nanoparticles on the viscosity of nanofluids are introduced by the so-called apparent viscosity which is indicated by µ app .
Therefore, the effective viscosity can be defined as follows:
Thus to calculate the effective viscosity only the apparent viscosity need be determined. Consider a nanoparticle that is suspended in the base fluid moving related to the base fluid. Brownian motion is an important parameter that creates a relative velocity between the nanoparticle and the base fluid in nanofluids [12, 28] . The Brownian velocity and the corresponding Reynolds number are defined as [12] 
It is worth noting that the Reynolds number is very small for nano-size particle diameter. For instance, for 10 nm Al 2 O 3 nanoparticles in water, the Reynolds number is equal to 0.029 which is a very low value. Therefore, it could be said that the flow around a nanoparticle falls in the Stokes regime. Assuming a homogeneous distribution of nanoparticles without any interaction between the particles, the proximity of a particle would be estimated from the inter-particle spacing. Thus, a cubical volume of the nanofluid consisting of the base fluid and a single nanoparticle is considered. The distance between the centres of particles is obtained from [29] Thus a nanoparticle is suspended in an element with dimension δ as shown in figure 1 . Fluid with Brownian velocity is assumed to flow over a stationary spherical nanoparticle. It is known that there is not an exact solution for the viscous fluid flow past a spherical solid particle when the free stream condition far away from the particle is not well established. Thus some simplification must be adopted for the calculation. Since Re 1 the creeping flow solution could be adopted [30] . This solution was obtained by considering a free stream boundary condition outside the boundary layer. Therefore, a correction factor on the solution is introduced to take into account this simplification (assuming a free stream far away from the sphere). Thus, the shear stress for such a flow condition could be presented by
while in a real situation the distance between the nanoparticles is δ and no such free stream could exist in general. As mentioned a correction factor (C) for calculating the shear stress is needed. The total shear stress over the nanoparticle surface is then calculated as
Consider the particle starts moving with the Brownian velocity (as an initial velocity) and damps to zero velocity because of friction forces. Therefore, it could be said that the initial particle kinetic energy is equal to the work done by the friction forces (surface forces). So it could be written as
Substituting the mass and the surface of the nanoparticle with the mean particle diameter and the particle density, equation (13) can be written as From equations (12) and (14) it could be concluded that
On substituting equation (15) into equation (6) the effective viscosity can be obtained by
Now the correction factor, C, must be determined. Two sets of experimental results [17, 18] which are shown in tables 1 and 2 are used to calculate the correction factor. Both sides of equation (15) are divided by the base fluid viscosity:
N is assumed to be a function of the nanoparticle volume fraction and the nanoparticle mean diameter. It is defined by
a and b are defined as follows:
Using the experimental data associated with the nanofluid viscosity (shown in tables 1 and 2) c 1 , c 2 , c 3 and c 4 are determined as c 1 −0.000 001 133, c 2 −0.000 002 771, c 3 0.000 000 09, c 4 −0.000 000 393. Therefore, the correction factor can be calculated by
Equation (16) temperature by equation (7) while
bf N . We know that by increasing the temperature µ bf decreases and consequently C is augmented. Increasing C decreases the apparent viscosity. Thus by increasing the temperature, V B and C are augmented. But since the sensitivity of the parameter C to the temperature is higher than the sensitivity of V B to the temperature, their cumulative effect causes the apparent viscosity to decrease with the temperature.
It must be mentioned that equation (16) is valid for φ < −b/a because of the limiting of δ (considering no interaction between the particles).
Comparison with the experimental results
Since the correction factor that is used in the analytical solution (because of simplification on the boundary condition) is determined from the experimental results of [17, 18] (16)) have been compared with the different available experimental results in the literature and also with other theoretical models through figures 2-5. Figure 2 compares the predicted nanofluid relative viscosity with the experimental results of the Al 2 O 3 -H 2 O nanofluid at different mean diameters of nanoparticles. As shown the model could well determine the variation of the relative viscosity with the size of the nanoparticles. The concordance with the experimental results is very good and it is clearly shown that the precision of the presented model (equation (16)) is in general higher than the other models. [31] and with other models, for different nanoparticle volume fractions. Again good agreement between the presented model and the experimental results is observed.
An interesting result is shown in figure 5 . It compares the results of the presented model for a nanofluid for which the base fluid consists of two different fluids (60% EG and 40% H 2 O) with the corresponding experimental ones. Again the results are in good agreement except for at very low temperature, for which it is believed that the behaviour of the nanofluid would not be Newtonian.
Conclusions
This paper develops a new theoretical model for the prediction of the effective viscosity of nanofluids based on Brownian motion. The model could calculate the effective viscosity as a function of the temperature, the mean particle diameter, the nanoparticle volume fraction, the nanoparticle density and the base fluid physical properties. A correction factor (because of simplification which is applied on the boundary condition for an exact solution) is calculated by using very limited experimental data for nanofluids consisting of 13 It is also shown that the model could well predict the experimental results of a nanofluid for which the base fluid consists of two different fluids (CuO-EG-H 2 O). Compared with the other theoretical models that are available in the literature, the presented model in general has higher accuracy and precision.
